
MTH868 Qualifying Exam - version 1

Comment: ’Manifold’ always means manifold without boundary.

Short answer problems: Submit three of the four problems

1. (Integration by parts) Assume M is a compact oriented manifold of di-
mension n+1 with boundary ∂M 6= ∅ carrying the induced orientation
from M . If ω is a p-form and τ is an (n − p)-form prove that

∫
M

dω ∧ τ =

∫
∂M

ω ∧ τ + (−1)p+1

∫
M

ω ∧ dτ.

2. Is it true that τ ∧ τ = 0 for any differential form τ on R
n ? Explain

why or why not.

3. Give an example of an orientation form on the n-torus T n = R
n/Zn.

Explain why it is an orientation form.

4. Let X, Y be manifolds, where X is k-dimensional, compact and ori-
ented. Assume further that f0, f1 : X → Y are homotopic smooth
maps. If ω ∈ Ak(Y ) is a closed form prove that

∫
X

f∗

0 ω =

∫
X

f∗

1 ω.

Solve four of the following five problems:

5. Assume f : Sn → Sn is a smooth map of degree different from (−1)n+1.
Show that f must have a fixed point, i.e. a point x for which f(x) = x.

6. Assume m < n, M is an m-dimensional manifold, and φ : M → Sn

is a smooth map. Show that φ is homotopy equivalent to a constant
map.

7. Show that the set

M = {(x, y, z) ∈ R
3 | (4x2(1 − x2) − y2)2 + z2 =

1

4
}

is a two dimensional submanifold of R3.

8. Use the Meyer-Vietoris sequence to compute Hk(Sn × Sm) where
n, m ≥ 1, k ≥ 0.

9. Let G be a finite group acting on a manifold M so that M/G becomes
a manifold. Let π : M → M/G be the projection. Show that the map
π∗ : Hp(M/G) → Hp(M) is injective.

Solve the following problem
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10. Assume M, M̃ are compact manifolds of the same dimension, and let
π : M̃ → M be a d-fold covering, i.e. π is a smooth map, and M
can be covered with open sets U such that π−1(U) is a disjoint union
of open sets U1, . . . , Ud ⊂ M̃ so that the maps π|Uj

: Uj → U are
diffeomorphisms for all 1 ≤ j ≤ d.

(a) Prove that χ(M̃) = d χ(M).

(b) Use the fact that the quotient map π : Sn → RP n = Sn/Z2 is a
2-fold covering to find χ(RP n).

(c) Using the statement of problem #9 compute Hp(RP n) for 0 ≤
p ≤ n.
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